A fourth-order degenerate parabolic equation with a viscous term:
Introduction
In recent years, the research of nonlinear fourth-order degenerate parabolic equations has become an interesting topic. The typical examples include the Cahn-Hilliard equation and the thin film equation. The Cahn-Hilliard equation
can describe the evolution of a conserved concentration field during phase separation. It (see [1] ) has the form (
have applied the semi-discrete method to obtain the existence and stability results to this model with a gradient mobility.
The thin film equation can analyze the motion of a very thin layer of viscous incompressible fluids along an inclined plane or model the fluid flows such as draining of foams and the movement of contact lenses. The thin film equation belongs to a class of fourth order degenerate parabolic equations (see [7] ) and the first mathematic result, the existence and nonnegativity of weak solutions, are given by Bernis and Friedman [8] to the equation
The thin film equation with a second-order diffusion term was studied by Bertozzi and Pugh [9] . Moreover, for a generalized thin-film equation with period boundary in multidimensional space, Boutat et al. [10] obtained its existence.
For other results, the readers may refer to the papers [11] [12] .
In this paper, we study the following initial and boundary value problems for the viscous thin film equation:
Formally, if we substitute the second equation into the first one, we can get another form for this question:
Our main result is the following theorems. 
2) For any test function
∈ Ω and 0 ν > . Then there exists at least one pair
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The following lemmas are needed in the paper: Lemma 1. (Aubin-Lions, see [13] ) Let X, B and Y be Banach spaces and assume
Lemma 2. (see [14] or [15] ) Let V be a real, separable, reflexive Banach space and H is a real, separable, Hilbert space. V H → is continuous and V is dense in H. Then
In this paper, C is denoted as a positive constant and may change from line to line. The paper is arranged as follows. The existence of solutions to the approximate problem will be proved in Section 2. In Section 3, we will take the limit for small parameters 0 δ → .
Approximate Problem
For any 0 1 δ < < , we consider the following approximate problem. In order to apply existence theory better, we transform (1) into a system: For any positive integer M, we define . Now we consider the following ordinary differential equations system:
, which yields an initial value problem for the ordinary differential equations: 
t m c t x t t c t m c t x
Therefore, for any 0 t T < ≤ , it has ( ) ( )
by (4) with 1 j = , we can apply Poincaré's inequality to obtain the following estimates:
By integrating over ( ) 0,T and applying the Höler's inequality, we have
which yields ( ) ( )
There exists a subsequence of ( )
and a pair ( )
weakly in 0, ; ,
strongly in 0, ; and a.e. in .
where the last estimate is from Lemma 1. By (13)- (17), we can perform the limit M → ∞ in a standard fashion and the strong convergence in
The Limit 0 δ →
In the section, we will perform the limit 0 δ → to the solutions from Lemma 3.
For the purpose of the existence, we need establish some uniform estimates independent of δ . Thus, we define a convex function ( ) δ Φ ⋅ as following (see [10] ):
By applying this function, we can get the following estimates.
Lemma 4. There exist some constants C independent of δ such that 1) We can expect that we can show that the existence results would be true with some conditions in high-dimensional space.
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